Green's functions for an infinite anisotropic elastic medium with an elliptic inclusion of dissimilar material are obtained for a line force and a line dislocation that may be located outside, inside, or on the interface of the elliptic inclusion. From the expressions of the Green's functions it is clear that they are identical in the limit when the line force and the line dislocation are on the elliptic boundary. This is achieved by carefully including all image singularities in the solutions. While the solutions contain an infinite series, it is shown that closed-form solutions are possible when (i) the impedances of the two materials are identical, or (ii) the Stroh eigenvalues p a (a = 1, 2, 3) for the material inside the inclusion are triple roots and are given by /?, =p 2 = p 3 = ialb, where a and b are the major and minor axes of the ellipse. A special case of (ii) is when the ellipse is a circle, and the material inside the circle is isotropic. The material outside the ellipse can be arbitrary.
Introduction
THE problem of a circular isotropic elastic inclusion subjected to an edge dislocation was solved by Dundurs and Mura (1) . The related problem where the dislocation is inside the circular inclusion was studied by Dundurs and Sendeckyj (2) . For an inclusion of elliptic shape the problem was solved by Warren (3) for a dislocation located inside the inclusion in the form of an infinite series. The same technique was employed by Stagni (4) and Stagni and Lizzio (5) for a dislocation located outside the inclusion. Hwu and Yen (6) and Yen and Hwu (7) investigated the interaction of a dislocation located outside an elliptic inclusion for general anisotropic elastic materials. More recently, Yen et al. (8) obtained three Green's functions for a dislocation located outside, inside, or on the interface of an elliptic inclusion of general anisotropic material. The solutions contain an infinite series.
Whether the materials are isotropic or anisotropic, the Green's functions that appeared in the literature have very different expressions for the dislocation located outside or inside the elliptic inclusion. It is not obvious from the expressions of the Green's functions whether they reduce to the same solution when the dislocation is on the elliptic boundary. An important factor in constructing a Green's function is the inclusion of the image singularities (9) . The image singularities become real singularities when the dislocation is on the interfacial boundary. If all image singularities are not accounted for, the missing image singularities must be accommodated by the infinite series in the solution. This suggests that, when the dislocation is near the elliptic boundary, the infinite series may converge slowly, or even diverge, for points near a missing image singularity (8).
In this paper we consider Green's functions for an elliptic inclusion subjected to a singularity that may be located outside, inside, or on the interface of the elliptic inclusion. The applied singularity is in the form of a line force and a line dislocation. Care has been exercised in constructing the Green's functions so that they all reduce to the same solution when the applied singularity is on the elliptic boundary. The special case of anisotropic materials that can support an antiplane force and a screw dislocation has been studied in (10).
Basic equations
In a fixed rectangular coordinate system x, (J = 1, 2, 3) let u t and cr /; be, respectively, the displacement and stress in an anisotropic elastic material. The stress-strain laws and the equations of equilibrium are in which a comma denotes differentiation, repeated indices imply summation, and C, lkj are the elastic stiffnesses which are assumed to possess the full symmetry
For two-dimensional deformations in which u t (i = 1, 2, 3) depends on x } and x 2 only, a general solution to (2.2) can be written as (11) or u = af(z),
where / is an arbitrary function of z, and p and a satisfy the eigenrelation
(2.4)
In the above the superscript T denotes the transpose, and Q, R, T are 3 X 3 matrices whose elements are
The matrices Q and T are symmetric and positive definite if the strain The constant factor (2m)" 1 introduced here is useful for the problem under consideration. Let the 3x3 matrices A and B and the diagonal matrix </(z*)> be defined by
The general solution (2.8) can then be written as
The stress is determined from (2.5). The only stress component missing in (2.5) is 0-33 . It is determined from the inverse of the stress-strain relation (2.1) and from imposing the condition u 2 , 3 = 0. The problem thus reduces to finding the unknown functions f(z) and the unknown constant vector q in (2.9). We may superimpose several solutions of the form (2.9) to satisfy the prescribed boundary conditions.
The They are positive definite Hermitian.
3.
Mapping of an ellipse to a circle for z = x^ + px 2 When the boundary of an anisotropic elastic material has the shape of an ellipse, it is more convenient to transform the ellipse to a circle before solving the problem. The mapping of an ellipse to a circle is well known for the complex variable z = *i + px 2 when p = i, but little is known when p ¥^ i (16, 6) .
Let the geometry of the ellipse T be given by where Letting p = p' + ip", where p', p" are real, the inequality follows from
because a, b, and p" are all positive and non-zero. Therefore every point Z = (*!, jr 2 ) in the (x u x 2 )-plane is mapped to two points £ and T given by 10) The inequalities follow from (3.9) and (3.10) lr2 . We have \t\ = \l\ only when they both vanish. That ±1 are inside the unit circle assures us that the mapping is one-to-one for points outside the ellipse. However, the mapping is not conformal. The angle between any two line elements in the (*i» x 2 )-plane is in general different from the angle between the corresponding elements in the £-plane.
The square-root term in (3.4) requires a branch cut in the (x\, * 2 )-plane for the function to be single-valued. The branch points are at ±z, where f, +pX 2 
11) The first equality allows us to compute the physical branch points Z = (i r ,,^2) and -Z. The last equality follows from (3.3). Insertion of (3.10)j into (3.2) also leads to (3.11) . Thus the branch points ±Z are mapped to ±1 in the £-plane. Since ±1 are inside the unit circle, ±2 are inside the ellipse, Fig. l(a) .
The relations between t, I, and Z can be given more explicitly as follows. The locations of t, ±£, and ±2 are shown in Fig. 1 for p' >0. The polar angle of t is twice the polar angle of £. The radial line 0£ not only bisects the polar angle of Of; by virtue of (3.7) it also bisects the angle between the radial lines O£ and Ox. After dividing by 2(cd)^, (3.2) can be cast in a canonical form (3.12) and (3.4) is written as
When £ is replaced by T = /£"', the right-hand side of (3.12) remains the same because t = £ 2 . This confirms the statement made earlier that every point Z is mapped to two points, £ and x. In the £-plane the circle that passes through £ with its center at the origin is called the I-circle. The points on two sides of the branch cut connecting -2 and Z in the (JCI, x 2 )-plane are mapped to the ^-circle. Indeed, if we let z = i cos v, 0 «s v «2/r, (3.13) reduces to til = cos v + / sin v which is the ^-circle in the f-plane. The points Z + , Z" on the opposite sides of the branch cut are mapped to £ + , £~ on the circle with the line connecting £ + , C," perpendicular to the diameter connecting -£ to £. The circle that passes through the point t with its centre at the origin in the £-plane is called the t-circle. Writing the equation for the /-circle as £ = te'*, we obtain from (32) after making use of (3.8)i and (3.3)
This is the ellipse F in the (xj, * 2 )-plane. The minus sign implies that, if we traverse the ellipse clockwise, the mapping to the /-circle is counterclockwise. Thus the ellipse T maps not only to the unit circle but also to the r-circle.
The transformation (3.4) maps a point outside or inside the ellipse in the (xi,x 2 )-plane, respectively, to a point outside the unit circle or inside the annular region between the unit circle and the ^-circle in the f-plane. The transformation (3.5) maps a point outside or inside the ellipse in the (*i> *2)-plane, respectively, to a point inside the r-circle or inside the annular region between the f-circle and the £-circle in the £ -plane. Therefore the entire (x u x 2 )-plane with the branch cut is mapped to the region outside or inside the £-circle in the £ -plane. The (x\, x 2 )-plane can be regarded as two infinite sheets, one on top of the other, with the same branch cut. The positive side of the branch cut on the top sheet is connected to the negative side of the branch cut on the bottom sheet and vice versa. The two sheets which cross each other at the branch cut form a Riemann surface (17) . One can move continuously from the top sheet to the bottom sheet and back to the top sheet through the connection at the branch cut. If the top sheet is mapped into the region outside the £-circle, the bottom sheet is mapped into the region inside the £-circle. We shall show that concentric circles with the centre at the origin and radial lines in the £-plane are ellipses and hyperbolas in the (x^ x 2 )-plane. Thus 2s is the length of the branch cut. We can express X and Y in terms of x, and x 2 by writing the real and imaginary parts of z in (3.15) as
It follows from (3.16) that One could visualize how ellipses and hyperbolas in the (X],x 2 )-plane are mapped to circles and radial lines in the f-plane from the following observation. The mapping (32) can be accomplished in two steps. In the first step we map the (x 1; x 2 )-plane to the z-plane. This mapping can be regarded as applying a shear deformation in the Xj-direction with the shear strain p' and an extension or contraction in the x 2 -direction with the stretch ratio p". The ellipses and hyperbolas deform into new ellipses and hyperbolas. The ellipse T with the principal radii a, b in the (x!,x 2 )-plane is mapped into a new ellipse in the z-plane with e? = (a, 0), e 2 = (tp', bp") being the conjugate radii. The principal axes of this new ellipse are along the X c -and Y^-axes, Fig. l(b) . The second step is the mapping of the new ellipse in the z-plane to the unit circle in the £ -plane. The ellipses and hyperbolas in the z-plane are mapped to circles and radial lines in the f-plane. While the mapping in the first step is not conformal, the mapping in the second step is.
When one follows a radial line in the £-plane from infinity towards the origin, the corresponding path in the (x 1( x 2 )-plane follows a hyperbola from infinity to the branch cut on the top sheet of the Riemann surface, and continues to the bottom sheet of the Riemann surface on the same hyperbola to infinity. The radial lines Of and Or in Fig. l(b) correspond to the same hyperbola in the (x,, x 2 )-plane, but on both sheets of the Riemann surface. As we stated earlier the point (x u x 2 ) = (a, 0) in the (x,, x 2 )-plane is mapped to £ = 1 and t in the £ -plane. Therefore the real £-axis and the radial line Ot in the f-plane correspond to the same hyperbola that passes through (X], x 2 ) = (a, 0) but on both sheets of the Riemann surface in the (16) where £, £ -1 , and |/|<1 are defined in (3.4), (3.6), and (3.8), is continuous inside the ellipse. In fact f k {£) is a polynomial in z of degree it when £ and C~] of (3.4) and (3.6) are employed in the above. Hence /*(z) has no branch cut inside the ellipse.
When the materials are isotropic, the real singularity and the image singularity of the Green's function for a half-space, or a bimaterial that consists of two half-spaces, are mirror images of each other with respect to the interface. For a circular inclusion of unit radius, the real and image singularities are again mirror images of each other with respect to the unit circle in the sense that they are located along the same radial line with their distances from the origin the inverses of each other (1) . When the materials are anisotropic, the real and image singularities for a half-space or a bimaterial are no longer mirror images of each other. However, they are mirror images of each other in the £-plane (9) . The Green's function for an anisotropic material with an elliptic hole was studied in (19) . Although not mentioned in (19) , the locations of the real and image singularities in the f-plane can be shown to be mirror images of each other with respect to the unit circle. The same can be expected of the Green's functions for an elliptic inclusion considered here. With this in mind, and with the knowledge of Green's functions for an elliptic hole (19) and the allied problem of Green's functions for half-space and bimaterials (9, 20) , the construction of Green's functions making use of the general solution (2.9) for the present problem becomes fairly straightforward. We present the solution first, and 1, 2, 3) , which are the singularities of the second term in (4.1). When they are mapped back to the (x lt ;r 2 )-plane, they produce nine image singularities (xf, xf) given by *f +P?x? = z% = cVXffir + d™SU (4.4) They are inside the ellipse or, if they are on the second sheet of the Riemann surface, can be outside the ellipse. Thus the second term in (4.1) represents nine image singularities for material 1. The solution associated with each image singularity is a one component Green's function (21) . The three points £$ (fi = 1,2, 3) in the £-plane are also the image singularities for material 2. When they are mapped back to the (x 1( x 2 )-plane, they produce nine image singularities (x°p, x" 0 ) defined in (4.3b). They are outside the ellipse. As shown in (4.3b), (if, if^) is associated with Zal-Hence the first term in (4.2) represents nine image singularities for material 2. The solution associated with each image singularity is again a one-component Green's function (21) .
It should be noted that, while the locations (xf, xf) of the image singularities for material 1 depend on elastic constants of material 1 only, the locations (xv°p, if) of the image singularities for material 2 depend on elastic constants of both materials. Image singularities alone are not sufficient to satisfy the continuity conditions at the elliptic boundary. Thus the infinite series are needed.
When (x lt x 2 ) is at the elliptic boundary Y, (4.1) reduces to 1
On (e~'*-ftM.qJ, 1 '} + £ - This provides the solution for g*. We then determine h k from (4.12). The above solutions are in terms of Bjg* and B2I1*. We could also derive the solutions in terms of Ajg* and A 2 h t .
It is interesting to note that when the impedance tensors Mj and M 2 are identical, that is, when By virtue of (4.6) the infinite series in (4.1) can be expressed in a closed form as~
Im t 2 Atfln (1 -«3(tf ^Af'AJLtf>.
We therefore have a closed-form solution when Mi = M 2 .
Green's function for (x°h xf) inside the elliptic inclusion
In this case the line force f and the line dislocation b are located inside the ellipse, Fig. 2(b) . We present the solution first, and give the justification later. Let One can then show that u 2 , <J>5 of (5.6) reduce to (4.7) when (x°u x 2 ) is on the elliptic boundary. Likewise, (5.7) and (4.8) are identical when the operation of summation with /3 = 1, 2, 3 is carried out. Equation (5.8) also reduces to (4.9). Thus the two solutions for (x°, x°) outside or inside the elliptic inclusion are identical in the limit when (x°, x°) is on the elliptic boundary.
As in the previous cases, a closed-form solution is obtained when M, = M 2 . It should be pointed out that when Mj = M 2 , we have Sj = S 2 , H, = H 2 , and Li = l^. By (6.4), A^7 = A 2 q|" and B]q" = B 2 q 2 c . Hence and the infinite series in (6.1) is given by (5.9).
Concluding remarks
In all three cases closed-form solutions are also possible when the three eigenvalues p™ for material 2 are identical and given by p™ = ialb (a = 1,2,3). (7.1) Material 1 can be arbitrary. A circular inclusion of isotropic material is an example. When we have (7.1), it can be shown that ,(2) a(2) _ (2) A (2) all vanish, as do g* and h*. Consequently the infinite series in the solutions disappear, and the solutions are in a closed form. It should be noted that when p ( Q 2) are identical and material 2 is degenerate, the solutions for material 2 presented here are not valid. However, one can modify the solutions so that they can be applied to degenerate materials (21) .
For the special case of antiplane deformations considered in (10), the infinite series in the Green's functions have been proved to be convergent. One could follow the proof in (10) to establish the convergence of the infinite series presented here.
